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1. Introduction 

Aim of this paper is a finer analysis of the group of flat chains with coefficients in 
Zp introduced in [7j, by taking quotients of the group of integer rectifiable currents, 
along the hues of [271 [IS]. We investigate the typical questions of the theory of currents, 
namely rectifiability of the measure-theoretic support and boundary rectifiability. Our 
main result can also be interpreted as a closure theorem for the class of integer rectifiable 
currents with respect to a (much) weaker convergence, induced by fiat distance mod(p), 
and with respect to weaker mass bounds. A crucial tool in many proofs is the isoperimetric 
inequality proved in [7] with universal constants. 

In order to illustrate our results we start with a few basic definitions. Let us denote 
by Tj.{E) the class of integer rectifiable currents with finite mass in a metric space E and 
let us given for granted the concepts of boundary 9, mass M, push-forward in the more 
general context of currents (see [1] and the short appendix of [7]). We denote by ^k{E) 
the currents that can by written as R + dS with R G 1k{E) and S G 1k+i{E). It is 
obviously an additive Abelian group and 

TG^fc(E) =^ dTe^k-i{E). (LI) 

^k{E) is a metric space when endowed with the the distance d{Ti,T2) = ^(Ti — T2), 
where 

^(T) := inf {M{R) + M{S) : ReIk{E), S e Ik+i{E), T = R + dS}. 

The subadditivity of namely ^{nT) < n^[T), ensures that d is a. distance, and 
the completeness of the groups Ik{E), when endowed with the mass norm, ensures that 
^k{E) is complete. Also, the boundary rectifiability theorem in 1k{E) yields 

{T G ^k{E) : M(T) < 00} = J,(E). (L2) 

For T G ^k{E) we define: 

^p(T) := inf {^(T - pQ) : Qe ^k{E)} . 
The definition of ^ gives 

^p(T) = inf{M(i?) + M(5) : T = R + dS + pQ, ReIk{E), SeIk+i{E), Q e ^k{E)} 
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Obviously •^piT) < ,'^(T) and therefore we can introduce an equivalence relation mod(p) 
in ^k{E), compatible with the group structure, by saying that T = T mod(p) if ^^piT — 
T) = 0. Our main object of investigation will be the spaces 

^p,k{E) :={[T] : T e ^k{E)} . 

The equivalence classes are closed in ^k{E) and (see fl2.3p in the next section) the bound- 
ary operator can be defined also in the quotient spaces ,^p±{E) in such a way that 

d[T] = [dT] G ^p,k-i{E) VT G JFk{E). 

In ^k{E) one can also define a (relaxed) notion of p-mass Mp by 

Mp(T):=inf|liminfM(r^):T;,e^fc(E), ^p(r^-T)^o|. (1.3) 

Since Mp(T) = Mp(T') if T = T' mod(p) the definition obviously extends to the quotient 
spaces ^p^k{E). As in the standard theory of currents, a local variant of this definition 
provides a cr-additive Borel measure, that we shall denote by ||T||p, whose total mass is 
Mp(T). 

/^From now on, we shall assume that E is a. compact convex subspace of a Banach space 
F and a Lipschitz retract of it. In addition, we shall assume that F satisfies a strong 
finite-dimensional approximation property (precisely stated in Definition 17. II) that covers, 
for instance, all Hilbert spaces. 

We can now state the main result of this paper. 

Theorem 1.1 (Rectifiability of flat chains mod(p)). If T E ^k{E) has finite Mp mass, 
then ||T||p is concentrated on a countahly J^'' -rectifiable set with finite J^'' -measure. 

We don't know whether the result is true without the finite-dimensional approximation 
assumption, unless k = 0,1. In general, without this assumption, we are able to prove 
rectifiability only of a the "shce mass" ||T||* (see Definition 13.81 and (13.81) ) built using the 
0-dimensional slices of the flat chain, and the validity in general spaces of the equality 
\\T\\p = \\T\\* is still an open problem. 

Since d maps ^k{E) into ^k-i{E), the next result is a direct consequence of Theo- 
rem [TTTl 

Corollary 1.2 (Boundary rectifiability). If T E ^k{E) and if dT has finite 'M.p-mass, 
then \\dT\\p is concentrated on a countahly M'^'^ -rectifiahle set with finite J^^~^ -measure. 

Notice that in Corollary 11.21 finiteness of mass of T is not needed. As a corollary we 
obtain an extension mod(p) of (11.21) . namely flat chains mod(p) with finite Mp mass 
coincide with equivalence classes of integer rectifiable currents. These classes have been 
considered in [Tj in connection with isoperimetric and filling radius inequalities. 

Corollary 1.3. If T E ^k{E) has finite Mp mass, then there exists S G Tk{E) with 
S = T mod(p). In addition, S can be chosen so that Mp(T) = M(5'). 
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We give a detailed proof of Corollary 11.31 at the end of the paper. We obtain also, as 
a byproduct, the following closure theorem for Xk{E): in comparison with the results in 
[1] the convergence (instead of the weak convergence in the duality with all Lipschitz 
differential forms), and the bounds only on the Mp mass (instead of the stronger mass 
bounds) are considered. Obviously the result can also be stated as a closure theorem in 

Corollary 1.4 (Closure theorem). Assume that {Tn) C 1k{E) satisfies ^p{Tn — T) ^ 
for some T G ^k{E). // sup„ Mp(T„) < oo, then there exists S G T^^E) with S = T 
mod(p). 

We conclude the introduction with a short plan of the paper. In Section [2] we recall 
the basic results we need on flat chains and flat chains mod(p), borrowing some results 
from [7]. In Section [3] we study more in detail the slicing operator and the measure \\T\\p. 
The main result is that a fiat chain with finite mass and boundary with finite mass is 
uniquely determined by its slices. In this section we don't rely, as in [23] on the use of the 
deformation theorem of [SB], not available in our context. We heavily use, instead, the 
isoperimetric inequality: in turn, this inequality (derived as well in [25] as a consequence 
of the deformation theorem) is proved in [7] without using the deformation theorem. In 
Section m we make a finer analysis of 1-dimensional fiat chains mod(p) and we provide a 
direct proof of their rectifiability; this is a crucial ingredient to estabilish the rectifiability 
of the slice mass ||T||* of higher dimensional fiat chains, following basically the procedure 
in [2S]. This procedure is implemented in Section \5\ and Section and leads to the 
proof that ||T||* is concentrated on a countably ^'^-rectifiable set: the main difference 
with respect to [25] consists in the fact that the whole family of 1-Lipschitz projections, 
instead of the projections on the coordinate planes typical of the Euclidean case, has to 
be considered. In this respect, notice that still a BV estimate analogous to the one in 
[3] is available in this setting, see Remark 13. 5[ and it is likely that also some adaptations 
of the ideas in [3] might provide a different proof of the rectifiability of ||T||*. Finally, in 
Section [7] we complete our analysis getting a concentration set with finite ^'^-measure 
and proving the equahty ||T||p = ||T||*in the class of spaces having the finite-dimensional 
approximation property. 

2. Notation and basic results on flat chains 

We use the standard notation Br{x) for the open balls in E, Lip{E) for the space of 
Lipschitz real- valued functions and Lip^(£') for bounded Lipschitz functions. Now we 
recall a few basic facts on fiat chains and fiat chains mod(p) mostly estabilished in [7]. 

Throughout the paper we assume that E is a compact convex subset of a Banach space. 
Denoting by lk{E) the space 

Ik{E) := {T e Ik{E) : dT G X,.„i(^)} , 

this assumption ensures the density of Ik{E) in ^k{E) (see \7]), and this gives the possi- 
bility to extend the restriction and slicing operators from Ik{E) to ^k{E). 
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2.1. Inequalities. Notice that 

^{dT) < ^(T), VT G ^k{E). (2.1) 

In addition, since d{ipf^S) = (p^{dS), the inequality Nl{ip^R) < [Lip((/?)]^M(i?) for R 
/c-dimensional gives 

^{(PiT) < [Up{ip)f^{T) for all T G ^fc(^), ^ G Lip(E, R'^). (2.2) 

In addition, (12.11) together with (11.11) give 

^p{dT) < ^p(T), VT G ^fc(E), (2.3) 

while (12. 2p gives 

^,(y.«T) < [Lip(^)]'=^,(T) (2.4) 

for all T G ^k{E), (p G Lip(i?,R'^). In particular, the push-forward operator can be 
defined in the quotient spaces in such a way as to commute with the equivalence relation 
mod(p). Using (12.31) and the inequalities < Mp < M it is also easy to check that 

^p(T) = inf {Mp(i?) + Mp(5) : R G Jfc(E), S G lk+i{E)} . (2.5) 

2.2. The restriction operator. Let u G Lip(i?). In |7j it is proved that the limit 

\imThl.{u<r} (2.6) 

exists in ^k{E) for =Sf^-a.e. r G R whenever Th have finite mass and Ylh'^i'^h — T)< 
oo. By construction the operator T i— > T\_{u < r} is additive and this definition is 
independent, up to Lebesgue negligible sets, on the chosen approximating sequence (T/j), 
provided the "fast convergence" condition J2h ^{^h — T) < oo holds. The construction 
provides also the inequality 

I ^{T\_{u<r})dr <{^-m + UY>{u))^{T) Vm, £ G R, m < £, (2.7) 

where J* denotes the outer integral. It follows immediately from the additivity of the 
restriction operator that 

/•*£ 

/ ^p{TL.{u<r})dr <{i-m + Up{u))^p{T) Vm, ^ G R, m < £, (2.8) 

J m 

SO that the restriction operator can be defined in the quotient spaces J^p^k{E) in such a 
way that 

[T] L{m <r}= [Tl.{u < r}] for ^-a.e. r G R. (2.9) 
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2.3. Mp-mass and ||T||p-measure. Recall that the mass measure ||T|| of T G Tk{E) is 
the finite nonnegative Borel measure characterized by ||T||({m < r}) = M(TL{m < r}) 
for all u G Lip(ii^) and r G R. In [7, Theorem 7.1] the authors proved the existence, for 
all T G ^k{E) of finite Mp-mass, of a finite nonnegative Borel measure ||T||p satisfying 

Mp(TL{M < r}) = \\T\\p{{u < r}) for ^^-a.e. r G R 

for all u G Lip(ii^). In addition, since ||T||p arises in the proof of that result as the weak 
limit of ||T„||, where T„ G ^k{E) are such that ^p(T„ - T) ^ and M(T„) ^ Mp(T), 
we can pass to the limit as — oo in the inequalities 

^{Tn^{u<s}-Tn^{u<r}) < ||T„||({r<M<s}) r < s, 

taking into account that (12.81) gives ^p(T„L{m < r} — T\_{u < r}) for ^^-a.e. 
r G R, to obtain 

^p{T\_{u < s}- T\_{u < r}) < Lip(u)||r||p({r < u < s}) s eR\N, r < s 

(2.10) 

with N Lebesgue negligible (possibly dependent on T and u). 

Using this fact, for chains T with finite Mp-mass we can give a meaning to the restriction 
[T]lC, for all fixed closed set C G E, as follows: let vr be the distance function from C, 
and let N be as in (12.101) with u = n. If | and Ti ^ N then TL{7r < rj} is a Cauchy 
sequence with respect to and we denote by [T]lC G J^p^kiE) its limit. The lower 
semicontinuity of Mp provides also the inequality 

Mp([r]LC) < \\TUC). 

An analogous procedure (considering the sets {d{-, E\A)> rj}, with r-j J, 0) provides the 
restriction to open sets [T] \_A, satisfying [T]LA+ [T] i.{E \A) = [T] and Mp([r] LA) < 
\\T\\p{A). Since Mp is subadditive and [T] = [T]lA+ [T] LC, with C = E\A,it turns 
out that both inequalities are equalities: 

Mp([T]LC) = ||r||p(C), Mp{[T]LA) = \\TUA). (2.11) 

By f lZTUD it follows also that 

^p([T]L{m < s}- [T]L{u < r}) < Lip(M)||T||p({r < u < s}) Vr, s G R, r < s, 

(2.12) 

so that r [T] L.{u < r} is left continuous, as a map from R to ,!^p^k{E), and continuous 
out of a countable set (contained in the set of r's satisfying ||T||p({u = r}) > 0). 

2.4. Cone construction. Given x G E and S G lk{E), the cone construction in [H 
Proposition 10.2] provides a current in Ifc+i(-E'), that we shall denote by {x} x S, supported 
on the union of the segments joining x to points in the support of S, and satisfying 

d{{x} X S) = S-{x}x dS. (2.13) 

In addition we have the inequality 

M{{x} X S)< rM{S) (2.14) 
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where r is the radius of the smallest closed ball Br{x) containing the support of S. Since 
for R G Ifc(-E) and S G Ik+i{E) we have 

{x} x{R + dS) = {x} x{R + S)- d{{x} X S), 

we immediately get ^({x} x T) < 2dia,m{E)^{T) for T G lk{E). By density and 
continuity the cone construction uniquely extends to all ^k{E) and still satisfies (12.131) . 
In addition, since IkiE) is dense in mass norm in Ik{E), and the approximation can easily 
be done in such a way as to retain the bounds on the support (see [7]), we conclude that 
(I2.14P holds when S G 1k{E). In this case, it is proved in [H Proposition 10.2] that 
{x} X S E Ik+i{E), so that 

^p{{x} xT) < 2diam(E)^p(T). (2.15) 

We will also need the inequality 

Mp{{x} X T) < rMp(T) (2.16) 

for all T G ^k{E) with finite Mp mass, whose measure ||T||p is supported in Br{x). We 
sketch its simple proof, based on (12.141) and on the definition of Mpi let G ^k{E) 
with M.{Th) ^ Mp(T) and ^p{Th - T) ^ and r' > r. We know that \\Th\\{{d{- , x) > 
(r + r')/2}) — > 0, hence we can replace by its image T/j under the 2-Lipschitz radial 
retraction of E onto the ball -B(r+r')/2(a^) to obtain Th supported on the ball, still con- 
verging to T in distance and with M(T/i) Mp(T). The inequality (I2.15P yields 
the ^p convergence of {x} x to {x} x T; then, passing to the limit in (12.141) gives 
Mp({x} X T) < |(r + r')Mp(T). Eventually we can let r' j r to obtain fl2A6D . 

2.5. Isoperimetric inequality. The next result is proved in [7, Corollary 8.7], adapting 
the technique in ^20^ i21j. 

Proposition 2.1 (Isoperimetric inequality in ^p^k{E)). Fork > 1 there exist constants 
6k such that, if [L] G ^p^k{E) is a non zero current with d[L] = and bounded support 
then 



Mp([T]) 

[Mpi[L])f^''>^' 



inf , ■ [T] e ^p^u+m. d[T] = [L]\ < 5,. 



2.6. Slice operators. Having defined the restriction to the sets {u < r}, u G Lip(i?), 
the slice operator T G ^k{E) {T,u,r) G ,^k~i{,E) is defined by 

T ^^ (r,M,r) := d{T\_{u < r}) - {dT)^{u < r} 

whenever the right hand side makes sense (for ^^-a.e. r G R). Since 9^ = we have 

d{T,u,r) = —{dT,u,r) for ^""^-a.e. r G R. 

By (E^D it follows that 

/ ^{{T,u,r))dr <2{£-m + Up{u))^{T) Vm, £ G R, m < £, (2.17) 

J m 
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I ^p{{T,u,r))dr <2{i-m + Up{u))^p{T) Vm, £ G R, m < 1 (2.18) 

J m 

2.7. 0-dimensional chains. It is not liard to sliow (see [71 Proposition 8.4, Theorem 8.5] 
for a detailed proof) that, for T G ^o{E), we have the representation 

N 
i=l 

with 1 < rrii < p/2 and Xi & E distinct. 

2.8. Euclidean currents mod(p) and fiat chains with coefficients in Zp. In Eu- 
clidean spaces R", a more general theory of currents with coefficients in a normed Abelian 
group G has been developed by White in [25], |26] on the basis of Fleming's paper [T7] . 
The basic idea of [17] is to consider the abstract completion of the class of weakly polyhedral 
chains with respect to a fiat distance. These objects are described by finite sums 

i 

where gi E G and Si are fc-dimensional polyhedra, i.e. Si is contained in a fc-plane and 
dSi is contained in finitely many {k — l)-planes (we use the adjective weakly to avoid 
a potential confusion with the smaller class of polyhedral currents of the deformation 
theorem: for these 5*^ are fc-cells of a standard cubical decomposition of R") . The family 
of weakly polyhedral chains with coefficients in Zp has an obvious additive structure 
inherited from G and a boundary operator in this class can be easily defined. The mass 
MGr(T) of a weakly polyhedral chain T can be defined by minimizing ||(7j||^'^(S'j) 
among all possible decompositions of T, and a flat distance is deflned as follows: 

^J'(T) := inf {MaiR) + Mg(9S) : R, S weakly polyhedral} . 

In the particular case G = Zp we can obviously think weakly polyhedral chains with 
coefficients in Zp as currents with coefficients in Zp and the flat distance = reads 
as follows: 

^p^(T) := inf {Mp(i?) + Mp^dS) : i?, S weakly polyhedral} . (2.20) 

Obviously ^^{T) > ^piT) (because a larger class of currents is considered in (12.51) ). but 
Proposition 18.31 shows that the two flat distances are equivalent in the class of weakly 
polyhedral chains. A direct consequence of the equivalence of the two flat distances is the 
following result, showing that currents mod(p) are in canonical 1-1 correspondence with 
flat chains with coefficients in Zp and that the equivalence of the flat distances persists. 

Proposition 2.2. //(Tj) is a Cauchy sequence with respect to ^p , with Ti k- dimensional 
and weakly polyhedral, then ^p{Ti — T) ^ for some T G ,^k{E) with <^p{T) < 
limj ^jf(Ti). Conversely, if T E ^k{E) then there exist Ti k-dimensional and weakly 
polyhedral with T = limj Ti with respect to ^p] moreover (Ti) is a Cauchy sequence with 
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respect to and liiiij ^^{Ti) < C^p{T). The constant C = C{n, k) is given by Propo- 
sition lK^ 

3. Mp MASS AND SLICE MASS 

In this section we introduce another notion of p mass, the so-called slice mass based on 
the 0-dimensional slices of the flat chain, and we compare it with ||T||p. 

We begin with some technical results stating more precise properties of the slice oper- 
ator. The first one concerns the inequality 

/ \\{T,7f,r)\\p{E)dr<\\T\\p{E) VT G ^^(E) (3.1) 

and all vr G Up^{E). Let (Th) C Ik{E) be satisfying Y.h -^pi^h - T) < oo and M{Th) 
Mp{T). We know from ([23D that j^h -^pi^Th - dT) < oo, hence 

lim T/,L{7r <r} = TL{tt < r}, lim {dTh)\-{7T < r} = {dT)L{7i < r} 

/i— >oo h—>oo 

with respect to the distance for =Sf ^-a.e. r G R. It follows that ^p{{Th — T, vr, r)) — > 
for ^^-a.e. r G R. 

First, let us check the measurability of r i— \\{T,7i,r)\\p{E). Since Mp is lower semi- 
continuous in J^k{E) we can find a nondecreasing sequence of ^p-continuous functions 
Gi : ^k{E) [0, +oo) with Gi{T) j Mp(T) for all T G ^kiE); taking into account that 

Mp((T,7r,r)) = lim lim ^.((T,, vr, r)) 

I — *oo h — ^oo 

for ^^-a.e. r G R, we need only to check the measurability of r i— G'i((5', vr, r)) for 
S G Tk{E), which is achieved in Lemma [8. II The inequality (13.11) is known for T G 1k{E) 
and for the M mass, see [H Theorem 5.7]. Then, lower semicontinuity of Mp and Fatou's 
lemma give 

/ Mp((T,7r,r))rfr < / liminf Mp((T,„ vr, r)) rfr < liminf / Mp((T,„ vr, r)) rfr 
Jr Jr ^^'^ Jn. 

< liminf / M((T,„ vr, r)) rfr < liminf M(T;,) = Mp(T). 

h—>oo h—*oo 

Lemma 3.1 (Slice and restriction commute). Let T G ^k{E), tt G Lip(£') and u G 
Lip(i?). Then 

(T,7r,r)L{u < s} = (TL{u < s},7r,r) for ^'^ -a.e. [r, s) elC. (3.2) 

Proof. The identity (13. 2p is known when T G Xk{E). Indeed (see [U Theorem 5.7]), the 
slices Rr of -R G Tk{E) are uniquely determined, up to Lebesgue negligible sets, by the 
following two properties: 

(a) Rr is concentrated on 7r~^(r) for ^^-a.e. r G R; 

(b) J^(f){r)Rr dr = i?L(0 o 7i)d7i for all : R ^ R bounded Borel. 
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It is then immediate to check that, for s fixed, the currents in the left hand side of fl3.2p 
fulfil (a) and (b) with R = T\_{u < s}, therefore they coincide with (_R, vr, r) for J^^-a.e. 
r G R. 

Let now (Th) C Tk{E) with J2h'^(J'h — T) < oo and let us consider the identities 

{Th,7T,r)\_{u < s} = {Th\-{u < s},'K,r) for ^^-a.e. (r, s) G (3.3) 

We know that J2h'^i'^h\-{u < s} — T\_{u < s}) < oo for ^^-a.e. s G R; for any 
s for which this property holds, we have that the right hand sides in (13 ■3p converge to 
{T\_{u < s},7T, r) with respect to for ^^-a.e. r G R; on the other hand, we know also 
that '^{{Th, TT, r) — (T, vr, r)) < oo for =Sf^-a.e. r G R; for any r for which this property 
holds the left hand sides in (13.31) converge with respect to ^ to (T^, tt, r) L{m < s} for 
^^-a.e. s G R. 

Therefore, passing to the limit as /i — > oo in (I3.3p . using Fubini's theorem, we conclude. 

□ 

We can now consider the local version of (13.11) . 

Lemma 3.2. For all T G ^k{E), vr G Lip]^(£') and B G E Borel the function r i— > 
\\{T,n,r)\\p{B) is Lebesgue measurable and 

I \\{T,'n,r))UB)dr<\\TUB). (3.4) 

Furthermore, the support of || (T, tt, r)||p is contained in 7r^^(r) fl supp \\T\\p for £^^-a.e. 
r G R. 

Proof. We consider a closed set C C and the sets Cs := {u < s}, s > 0, where 
u := (i(-,C). Thanks to the commutativity of slice and restriction, for =Sf^-a.e. s > we 
have (T, 7r,r)L{M < s} = (TL{m < s},7r, r) for =Sf^-a.e. r G R. Also, Fubini's theorem 
ensures that 

||(T,7r,r)||p(C,) = Mp((T,7r,r)L{M < s}) for ^^-a.e. r G R 

for =Sf^-a.e. s > 0. Therefore, for any s satisfying both conditions we conclude that 
II (T, TT, r) llp(Cs) = Mp((TL{'U < s},7r,r)) for =Sf^-a.e. r G R. Since we already proved 
that r I— i> Mp((Tl{m < s},7r,r)) is Lebesgue measurable, this proves that the map 
r 1-^ II (T, vr, r)llp(Cs) is Lebesgue measurable. Letting s | the same is true for the map 
r 1-^ II (T, TT, r)llp(C). The same argument allows to prove (13.40 from (13.10 . 

The class of Borel sets B such that r i-^ || (T, vr, r) ||p(-B) is Lebesgue measurable contains 
the closed sets and satisfies the stability assumptions of Dynkin's lemma, therefore it 
coincides with the whole Borel a-algebra. Finally, by monotone approximation (13. 4p 
extends from closed sets to open sets; if B is Borel, by considering a nonincreasing sequence 
of open sets {A^) such that ||T||p(74/i) | ||T||p(i?) we extend the validity of (13.40 from open 
sets to Borel sets. Eventually, choosing A = E\ supp ||T||p yields that || (T, vr, r) ||p(v4) = 
for ^^-a.e. r G R. □ 

Being defined on the whole of ^k{E) the slicing operator can be obviously iterated, 
leading to the next definition. 
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Definition 3.3 (Iterated slices). For T G ^k{E), 2 < m < k and tt = (tti, . . . ,71^) G 
Lip(£',R™) we define recursively the slices {T,Tr,x), x G R™, by 

{T,7i,x) := ((T, (tti, . . . 

Notice that the shces above are defined, as in the codimension 1 case, for .^"^-a.e. 
X G R*", they are given by 

{T,Tr,x) = \im{Th,7r,x) in ^k~m{E) (3.5) 

whenever G lk{E) and J^h'^C^h — T) < oo and the definition is independent of 
T/j, up to ^'^-neghgible sets. Moreover, a straightforward induction argument based on 
Lemma 13.11 gives 

(T, TT, x) L{u <s} = {T]_{u < s}, vr, x) for ^'"+^-a.e. (x, s) G R'"+^ (3.6) 
for all u G Lip(£'). 

Using (13.51) . (13.61) and Lemma [8Jl as in the proof of (13.11) and Lemma [3^ we obtain: 

Lemma 3.4. For all T e ^k{E), 1 < m < k, tt e [Lipi(E)]"' and B C E Borel the 
function x h-^ || (T, tt, a;)||p(i?) is Lebesgue measurable and 

I \\{T,7^,x)UB)dx <\\TUB). (3.7) 

Furthermore, the support of || (T, vr, zs contained in ti^^{x) fl supp ||T||p /or ^^-a.e. 
X G R*". 

Remark 3.5 {BV regularity of slices). A direct consequence of (I2.10p is that, for all T G 
t^fc(-E') with Mp(T) finite, s ^ TLjvr < s} has bounded variation in R \ with respect 
to Since N is Lebesgue negligible it follows that T\_{ti < s} has essential bounded 
variation, and its total variation measure does not exceed Lip(7r)||T||p. The same is true 
for the slice map r h-^ (T, tt, r) of currents T having finite Mp mass and boundary with 
finite Mp mass, and the total variation measure does not exceed Lip(7r)(||T||p + ||c)T||p). 
For higher dimensional slices, we can combine (13. 7p and the characterization of metric 
BV functions in terms of restrictions to lines (see fibi 4.5.9] or [1] for the case of real- 
valued maps and [2] for the case of metric space valued maps) to obtain that, for all 
TT G [Lip(E)]"', 1 < m < A;, we have (T,7r,x) G M BV {R\ ^p,k-m{E)) and its total 
variation measure ||D(T, vr, x) || does not exceed 

m 

nLip(7r,)(||T||p+||9r||p). 

1=1 

Motivated by Lemma [3.41 for 1 < m < k, tc E [Lip^(E)'j^ and B C E Borel we define 

||TLci7r||p(5) := / \\{T, 7f ,x)UB) dx (3.8) 

JR™ 
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(the notation is reminiscent of the real flat chain T\_dTT = J {T,7t,x) dx). Notice that 
||TL(i7r||p is a cr-additive Borel measure less than ||T||p. 
We shall also need the fact that ||T||p has no atomic part: 

Lemma 3.6. The measure \\T\\p has no atom for allT G ^k{E) with finite Mp mass. 

Proof. Writing T = R + dS with R e Tk{E) and S e Ik+iiE), and noticing that 
\\T\\p < ||-R||p+ II^S'lIp < ||-R|| + II^S'lIp, since has no atom we can assume with no loss 
of generality that T = dS. Fix x & E, e > and f > so small that US'!! (52f (2^)) < 
Now, notice that 

T\_{d{x,-) < s} = d{S\_{d{x,-) < s}) - {S,d{x,-),s) 

= d{SL{d{x, ■) <s} - {x} X {S, d{x, ■), s)) + {x} x (T, d{x, ■), s) 

for ^^'^-a.e. s > 0. Let now r < f; since for s < 2r fl2.14p and (I2.16P give 

M{{x}x{S,d{x,-),s)) < 2rM{{S,d{x,-),s)), Mp{{x}x{T,d{x, s)) < 2rMp{{T,d{x, 

we can choose s G (r, 2r) and average to get 

- ^p{T\_{d{x,-) < s})ds < 6 + 2 M{{S,d{x,-),s)) + Mp{{T,d{x,-),s))ds 

^ J r J r 

< e + 2\\S\\{B2r{x) \ {x}) + 2\\T\\p{B2r{x) \ {x}) < 2e 

for r < f small enough. Since e > is arbitrary, it follows that we can find (sj) i such 
that TL{d{x, ■) < Sj} mod(p) and 

Mp{T - T^{d{x, ■) < s,}) = \\T\\p{{d{x, ■) > s,}) < Mp{T) - \\T\\p{{x}). 

Then, the lower semicontinuity of Mp gives that ||T||p({x}) =0. □ 
In the next theorem and in the sequel we will often deal with exceptional sets depending 

on the slicing map vr. For this reason it will be convenient to restrict these maps to a 

sufficiently rich but countable set: we fix a set P C Lipi{E) countable and dense in 

Lip2(£^) with respect to the sup norm. 

The next important result shows that currents with finite Mp mass and boundary with 

finite Mp mass are uniquely determined by their 0-dimensional slices. We don't know 

whether the result is true for all flat chains with finite Mp mass: we shall prove this fact 

in a more restrictive class of spaces in Section [71 

Theorem 3.7. Let T G ^k{E) with finite Mp mass and boundary with finite Mp mass. 
Assume that, for some m G [1, k] the following property holds: 

for all TT G [P]™, (T, tt, x) = mod(p) for ^™-a.e. x G R'". 

Then T = mod(p). 

Proof. We argue by induction on m and we consider first the case m = 1. In the proof 
of the case m = 1 we consider first the case when dT = mod(p), then the general case. 
Step 1. Assume dT = mod(p). According to the Lyapunov theorem the range of a 
finite nonnegative measure with no atom is a closed interval. Hence, thanks to Lemma [3^ 
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for any e > we can find a finite Borel partition Bi, . . . ,3^ of E with ||T||p(i?j) < s] 
also, we can find compact sets Ki C such that ||T||p(i? \ VJiKi) < e. Since the sets 
Ki are pairwise disjoint, we can find 5 > and 0j G P such that, for r G (5,25), the 
open sets Ai := {0j < r} are pairwise disjoint, contain Ki and satisfy ||T||p(Aj) < e (just 
choose (pi very close to d{-,Ki) and 25 less than the least distance between the Ki). In 
addition, for =Sf ^-a.e. r G (5, 25) the following property is fulfilled: 

d{TLAi) = {T,d{-,Ki),r) + {dT)]_Ai = mod(p) for alH = 1, . . . , iV. 

Now we choose r G (5, 25) for which all the properties above hold and we apply the 
isoperimetric inequality in ^p^k{E) to obtain Si G J^k+i{E) with dSi = T\_Ai and 

Mp{Si) < 7fc(Mp(rLA,))'+'/' < e'/'\\TUA,). 

By applying the cone construction to the cycle T — '^■T\_Ai mod(p), whose Mp mass 
is less than e^/'^, we obtain one more 5*0 whose boundary mod(p) is T — ^^TLAj with 
mass less than 2diam(ii^)£:. It follows that 

N N 

dJ2l^i] = in ^piYl ^ 2diam(E)£ + ^.e'/'^MpiT). 

i=0 i=0 

Since ^p{T) < '^p{J2o ^i) — ^pCl2o ^i) ^ arbitrary, this proves that [T] = 0. 
Step 2. The case = 1 is covered by Corollary 14.21 in Section HJ it shows the existence of 
T' G Ii{E) with T' = T mod(p), so that the slices of T' vanish mod(p) and therefore the 
multiplicity of T' is mod(p). In the case > 1 we can use the commutativity of slice 
and restriction to show that the slices of dT vanish mod(p), so that we can apply Step 
1 to the cycle dT to obtain dT = mod(p). Hence by applying Step 1 again we obtain 
that T = mod(p). 

The proof of the induction step m i— m + 1 is not difficult: let us fix vr G "D and let us 
consider the codimension 1 slices (T, tt, t), vr G by assumption, for all q G [T>]"^, the m- 
codimensional slices of (T, 7r,t) given by {{T,n,t),q,z) = vanish mod(p) for ^'"^^-a-e. 
{t,z); since V is countable we can find a ^^-negligible set such that, for t ^ N and 
for all q G [D]"^ the slices vanish mod(p) for J^"^-a..e. z G R™. The induction assumption 
then gives (T, vr, t) = mod(j9) for all t G R\ A^. Eventually the first step of the induction 
allows to conclude that T = mod(p). □ 

Definition 3.8 (Slice Mp mass ||T||*). We define \\T\\* as the least upper bound, in the 
lattice of nonnegative finite measures in E, of the measures ||TL(i7r||p, when vr runs in 

[Lip,(E)]^ 

Thanks to Theorem 13.71 we know that ||T||* provides a reasonable notion of p-mass, 
since ||T||* = implies T = mod(j9), at least for fiat chains T whose finite Mp mass and 
boundary with finite Mp mass. In addition, ( 13. 7p with m = k gives the inequality 

ii^ii;< ii^iip, 
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SO that ||T||* is well defined. We don't know, however, whether equality holds in general, 
or whether (in case equality fails), an isoperimetric inequality holds for ||T||*. In Section[7] 
we shall prove that the two notions of p-mass coincide in a suitable class of spaces E. 

Corollary 3.9. Let T G JFk{E) with finite Mp mass. Then \\T\\*{B) = whenever B is 
a -negligible set. 

Proof. We fix tt G [Lip]^(_E')]'^ and we notice that, by the coarea inequahty [ISl Theo- 
rem 2.10.25], n7r-i(x)) = (i.e. Bnn-^ix) is empty) for ^^-a.e. x G Also, 
Lemma [3.41 gives that ||(T, 7r,x)||p is concentrated on 7i~^{x) for G Then, 
||(T,7r,a;)||p(5) = for if'^-a.e. x G R^ so that \\TLdTT\\p{B) = 0. Since tt is arbitrary 
we conclude that ||T||;(5) = 0. □ 

4. RECTIFIABILITY IN THE CASE k = 1 

Our goal in this section is to prove the rectifiability of 1-dimensional fiat chains. We 
shall actually prove a more precise version of Corollary II .31 when dT = mod(p), namely 
the existence of a cycle T' G Ii (E) in the equivalence class of T. 

Theorem 4.1. If T E ^i{E) has finite Mp mass and dT = mod(p) then there exists 
V G Ii(^) with dT' = andV = T mod(p). 

Writing any T G ^i(^) with finite Mp mass a.sR + dS with R G Xi{E) and S G 12{E) 
we can apply Theorem 14.11 to dS to obtain the 1-dimensional version of Corollary 11.31 

Corollary 4.2. For all T G ^i{E) with finite Mp mass there exists T' G Ti{E) with 
T' = T mod(p). 

The proof of Theorem 14.11 follows by the construction of a sequence (T„) C li{E) of 
cycles satisfying 

M{Tn)<C and ^p(T - T„) < - (4.1) 

n 

for all n G N and for a constant C independent of n. Since ii^ is a compact subset of a 
Banach space, we can then use the closure and compactness theorems in [1] to conclude 
that a subsequence (Tnj) converges weakly (i.e. in the duality with all Lipschitz forms) 
to a cycle T' G ii{E). Since E is furthermore convex by [22] we infer that converge 
in the fiat norm to T'. It follows that T = T' mod(p) because 

^p(T - T') < ^p(T - T„^, ) + ^(T„^, -T')-^0 as J ^ oo. 

In order to construct a sequence (T„) of integral cycles satisfying (14. ip we proceed as 
follows. First we build, in Lemma 14.31 below, approximating cycles T^ G Ii (E) whose 
boundary belongs to p ■ lo{E). Then, these cycles are in turn approximated by finite 
sums S of Lipschitz images of intervals, retaining the same boundary. Eventually a 
combinatorial argument provides a cycle S' in the same equivalence class mod(p) of S 
with mass controlled by the mass of 5*. 
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Lemma 4.3. Let [T] be as in the statement of Theorem \l.l[ Then for every e > there 
exists G Ii(-E') such that dTf, G p ■ Io(-£') o-nd 

M.{Te) < Mp(T) + e and ^p{T - T^) < e. 
Proof. Let e G (0, 1) and choose T' e li{E) satisfying ^p(T - T') < e/3 and 

M(T') < Mp(r) + |. 
Write T = T' + i? + 55 + p- Q with R e Ii{E), S e l2{E), Q e Ii{E) and 

M(i?) + M(5) < ^. 

Since ^p(aT) = we can write dT = Z + dU + p ■ W with Z G lo(^), f/ G Ji(^), 
G lo(^) and 

M(Z) + M(f/) < ^. 
From this and the choice of e it follows that Z = and thus 

or + dR + p-dQ = dU + P-W. 
Set := T' + R — U . It is clear that G 1i{E) and that 

= (9T' + 9i? - 9f/ = p ■ (ly - 9Q) G p ■ lo(^), 
so that Te G Ii(-E'). Furthermore, we obtain 

M(T,) < M(T') + M(i?) + M(f/) < Mp(T) + e 

and 

T -Te = T -T' - R + U = dS + U + P-Q, 
from which it follows that 

■^p{T - T,) < M{U) + M(^) < ^. 

This concludes the proof. □ 
The following gives an almost optimal representation of currents in Ii(-E) as a superpo- 
sition of curves. For a related result see [23], for the optimal result in R" see [IHl 4.2.25] 
(we shall actually use this result in the proof). 

Lemma 4.4. Let E be a length space and let T G Ii(-E')- Then for every 6 > there 
exist finitely many (1 + 6)-Lipschitz curves Ci : [0, Oi] E , i = 1, . . . , n, with image in 
5(suppf ,5M(r)) and such that df = J^ihiai)} - [ci(O)l), 



M(af) = 5^M(|c,(a,)l-lQ(0)l), 

i=l 



i=l 
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^a, <(l + (5)M(f). 

i=l 

Proof. Let 5' > be small enough, to be determined later. Using Lemma 4 and 
Theorem 7 of [19] one easily shows that the existence of finitely many (1 + 5')-biLipschitz 
maps (fi : Ki — > E, i = 1, ... ,71, where the sets fCj C R are compact and such that 
(Pi{Ki) n (Pj{Kj) = if i 7^ j, and 

\\f\\{X\Uip,{K,))<6'M{f), (4.2) 

see also [4, Lemma 4.1]. By McShane's extension theorem there exists a (1 + (5')-Lipschitz 
extension ?Jj R of ip~^ for each i = 1, . . . ,n. Now, write dT as dT = XliLid^^il ~" 

lUi}) with Xi 7^ Uj for all i,j (so that {xi, . . . , Xk} is the support of the positive part of 
dT and {yi, . . . ,?/„} is the support of the negative part). Note that 2k = Nl{dT). Set 
^ := U y^iiKi) U {xi, . . . ,Xk,yi, . . . ,yk} and let {zi, . . . , Zm} C |J ^i{Ki) be a finite and 
i/-dense set for Q, where z/ > is such that 

S' 

1v < ^ ^ ^^ dist{ipi{Ki) , ipj{Kj)) whenever i ^ j. (4-3) 

We set N := n + m + 2k and define a map : E i'^ hj 

^(x) := (r/i(x), . . . ,r]„{x),d{x,zi), . . . , d{x, z^), d{x, Xi), d{x,yi), . . . ,d{x,Xk),d{x,yk)) ■ 

Note that is (1 + 5')-Lipschitz and (1 + 5')-biLipschitz on Q. Indeed, it is clear that 
\E' is (1 + 5')-Lipschitz and that the restriction \E'|<^.(A'i) is (1 + 5')-biLipschitz for every 
i. Moreover, for x G (Pi{Ki) and x' G {pj{Kj) with i ^ j there exists z G (Pi{Ki) with 
d{x, z) < v and hence 

d{x, x) < d{x, z) + d{z, x') < 2d{x, z) + d{z, x') — d{z, x) < ||^E'(a;') — \E'(x)||oo + 2z/, 

from which the biLipschitz property on Uipi{Ki) follows together with (14.31) . The other 
cases are trivial. By [TS", 4.2.25] there exist at most countably many Lipschitz curves 
Qj : [0, ttj] — >■ i'^ which are parametrized by arc-length, one-to-one on [0, aj) and which 
satisfy "^^f = Y.'^^i mlX[o,a,]] and 

oo oo 

M(vl/«T) = Y.^(edX[o,aJ) = 5^ a, (4.4) 

and 

oo 

2fc = J]M([^,(a,)l-b(0)]). 

i=i 

After possibly reindexing the Qi and the yj we may assume without loss of generality that 
Qi{(ii) = "^{xi) and ^?^(0) = "^{yi) for i = 1, . . . , fc. It follows that gi{ai) = gi{0) for all 
i > k + 1. Choose M > k + 1 sufficiently large such that R := YI'jLm+i (^jilxio,aj]l satisfies 

M(i?) < 5'M{f). (4.5) 
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Since ii^ is a length space there exists a (1 + 25')-Lipschitz extension Cj : [0, Oj] E 
of o Qa.ch. j = 1,...,M, and such that Cj{aj) = Cj{0) for j = 

k + 1, . . . , M. Note that Cj{aj) = Xj and Cj(0) = yj for all j = 1, . . . , k. We now have 

M 



from which it easily follows that 

M 

T' ■■ = T -J2^dX[o,a,]] 

3=1 



M 



and, by moreover using (14. 2 p and (14.51) . 

M M 

i=i j=i 

Using fOD . flT5|) and the facts that q is (1 + 25')-Lipschitz and ^ and are 
(1 + (5')-Lipschitz, we obtain 

M(r') < (1 + 6') \m{r) + (1 + 6')\\f Win')] + (1 + 26') A + \\f\\{n') 

< [5 + 86' + 36'^]6'M{f). 
Finally, using (14.41) and the fact that is (1 + (5')-Lipschitz, we estimate 

M 

J]a, <M(vl/ttT)<(l + 5')M(T). 

This proves the statement given that 6' > was chosen small enough. □ 
We now apply Lemma 14.41 to T := T^, where is given by Lemma 14.31 Set T" : = 
X;r=iCitt[X[o,a,]l- We obtain, in particular. 



dT" = J2iUa.)}-hm)(^P-ME). 



(4.6) 



i=l 



To conclude the proof of Theorem 14.11 we apply the following lemma. 



Lemma 4.5. Let E be a complete metric space, n > 1 and p > 2 integers. For each 
i = 1, . . . ,n, let Ci : [0, Oj] E he a Lipschitz curve. If S := XlILi '^«ttI^[o,a!]l satisfies 
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dS G p ■ Io(-£') then there exist 1 < ii < ■ ■ ■ < ik ^ n such that the current 

k 

S'--=S-p-J2^^4x[o,a.^]l (4.7) 
i=i 

is a cycle. 

It follows in particular that S — S' E p ■ Ii(-E) and that 

n 

M{S')<{p~l)Y,M{c4x[o,a.]}). 

i=l 

Proof. It suffices to prove the lemma for the case that Cj(aj) 7^ Cj{0) for all 1 < i, j < n, 
since we can remove closed loops and we can concatenate q and cj whenever Cj(aj) = Cj(0). 
Set Tj := Cj||[x[o,ai]]- We ffist estabhsh some notation: An ordered fc-uple (ao, . . . , ak) with 
k > and aj G {1, . . . ,n} is called admissible if either = or 7^ «s for all r 7^ s, 
CaA(^i^) = Ca^+Ma^+i) ^OT all m < eveu, and c„„(0) = c„„+i(0) for all m < A; odd. A 
decomposition S = Si + ■ ■ ■ + Si + Q is called admissible if Q E p ■ Ii(-E) and every Si is 
of the form 

Si ~ ^ ] (~-^) Ta{i^m)) 
m=0 

where {a{i^ 0), . . . , a{i, ki)) is an admissible /cj-uple for every i G [1, £], and if in addition 
the following properties hold: The sets 

To := {a{i^m) : m even, 1 < i < Fi := {a{i,m) : m odd, 1 < i < ^} 

are disjoint, Fq U Fi = {1, . . . , n}, every index in Fq appears exactly once, every index in 
Fi appears exactly p — 1 times, and dSi = if and only if ki is odd. Since the conditions 
imposed on admissible fcj-uples imply 

f[ca(iA)K(i,fe.))l - IC"(i,o)(0)l ^ if is even ^^^^ 
\lca(i,fco(0)l - Ica(i,o)(0)] if ki is odd 

the last requirement is equivalent to the condition Co(j,fci)(0) = CQ,(j^o)(0) whenever ki is 
odd. 

Note that, for example, the decomposition S = Si + . . . + Sn with Si := Tj is admissible 
(Q = 0, fcj = for all z, Fq = {1, . . . , n}, Fi = 0). Suppose now that S = Sl^ — ■ + Si + Q 
is an admissible decomposition. It is clear that if the set 

A(5i,...,5,) := {te{l,...A]-dS,^Q} 

satisfies |A| < p then in fact A = 0. Indeed, XlieA^*^* ~ ^ mod(p) and (14. 8 p together 
with the fact that the indices a{i, ki) appear only once (because dSi 7^ implies ki even) 
give A = 0. On the other hand, we claim that if |A(S'i, . . . , 5*^)1 > p then there exists an 
admissible decomposition S = S[ + ■ ■ ■ + S'^, + Q' with 

|A(5;,...,5;,)i<|A(5i,...,5,)|. 
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In order to prove the claim, recall that dSi = lca{i,ki){0'a{i,k,))l ~ I<^a(j,o) (0)] whenever fcj is 
even, and dSi = if /cj is odd. We call Ica(i,fci)(aa(i,fci))l the right-boundary and lca(i,o)(0)] 
the left-boundary of S^. We may now assume, up to a permutation of the Si, that dSi ^ 
and that the right-boundaries oi S2, ■ ■ ■ , Sp equal the right-boundary of Si, with dSi ^ 
for i = 2, . . . ,p. We distinguish two cases: 

First, suppose that ki = 0, so that = Tq,(i 0). Let r e be the number of integers 
i e such that dSi has the same left boundary of dSi, we may assume, again up to a 
permutation of the S2, ■ ■ ■ ,Sp and (in case r < p) of Si ior i > p , that the left-boundaries 
of Si, . . . , Sr and (in the case r < p) Sp+i, . . . , S2p-r are all equal, with dSi ^ for 
i — p + 1, . . . ,2p — r. We define currents Sj by 

c' / - ^«(i,o) '2<j<r 
^ ■ \ Sj- T„(i,o) + Sp+j_r r+l<j<p. 

Clearly, this yields an admissible decomposition S = 6*2 + ■ ■ ■ + Sp + S2p-r+i + ' ■ ■ + Se + Q' 
with Q' = Q +pSi. Note that S'^ is a cycle whenever 2 < j < r and therefore the number 
of non-cycles is strictly smaller if r > 2; if r = 1, since some non-cycles are concatenated 
in groups of three, their total number is still strictly smaller in the new decomposition. 

Next, suppose that ki > 2. Since ki is even the index a{l, ki) is in Fq and thus appears 
exactly once. Analogously, since /ci — 1 is odd the index a{l,ki — 1) is in Fi and thus 
appears exactly p — 1 times. We now construct a new decomposition in which a{l,ki) 
appears p — 1 times and a{l, ki — 1) only once. Let r e [1, p — 1] be the number of integers 
i G [l,p] such that a{i, ti) — a{l, ki — 1) for some 1 <ti < ki. Up to a permutation of the 
S2, ■ ■ ■ , Sp and (in case r < p — 1) of Si for i > p we may therefore assume that for every 
i e {1, . . . , r} U {p -h 1, . . . , 2p — r — 1} we have a{i, ti) = a{l, ki — 1) for a suitable ti. If 
i > p and Si is a cycle then we may furthermore assume that ti = ki. We now define the 
S'j as follows: First set 

fel-2 

S'l y^(-l)"Ta(i,^). 

m=0 

For j e {2, . . . , r} we define a chain S^ and a cycle S'i_^_j_-^ such that Sj + S'i_^_j_-^ — 
Sj — Ta{i,ki) + To,{j^tj)] more precisely, let S'^ be the 'part' of Sj preceding a{j,tj) and 
S'i^j_i the concatenation of the 'part' of Sj following a{j,tj) with — Tq,(i j^j), thus 



- a(j,m) 



and S'« 



e+j-i 



m=0 



E 

m=tj+l 



' 1 \mrp 



z 



Q(l,fcl)- 



Since the left- and right-boundaries of Ta(i^ki) and the term in brackets in the above 
equation agree, S'^_^_j_^ is a cycle. Let now j G {r + 1, . . . ,p — 1} and observe that the 
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right-boundaries of 5*1 and Sj agree. Define 

Sj ■= Sj -Ta(i^ki) + ^ {-l)"'Ta(p-r+j,m) and S'p_j.^j 

m=tj+l 

where tj = 1 and kj = kp r+j 1 if d Sp—j-^j = and tj = tp r+j and kj = kp_^_^j 

otherwise. In particular, if dSp-r+j = then S'p_^_^j = 0. Finally, set 5*^ := Sp — Ta{i^k-i_) + 
Ta{i,ki-i), and for j G {2p — r, ...,£} set Sj := 5*^. Observe that the index a{l, ki) appears 
exactly p — 1 times, ki — 1) exactly once, and that all other indices appear exactly the 
same number of times as in the original admissible decomposition. We therefore obtain 
an admissible decomposition S = S'i + ■ — h S'f^_^_^_-^ + Q. Note that it has same number of 
chains with non-zero boundary, however S[ has two edges less than 5*1, that is, k[ = ki — 2. 
Applying the same procedure finitely many times allows us to reduce the second case to 
the first one. This completes the proof of the claim. 

We can now apply this claim finitely many times to obtain an admissible decomposition 
5" = 5*1 -|- • — V St + Q m. which all Si are cycles. The current S' := Sl^ — ■ + S*^ is clearly 
of the form (14.71) because 

1=1 iGFi i=l m = 1, m odd i&i 

and thus the proof of the lemma is complete with {ii, . . . = Ti. □ 



El 
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5. LUSIN APPROXIMATION OF BOREL MAPS BY LiPSCHITZ MAPS 

Let / : A C R'' ^ ^ a Borel map. For x E A we define 5xf as the smallest M > 
such that 

li^^-fc^fc/ r ^ ^ ^ . d{f{y)J{x)) ^ . ^ ^ 

This definition is a simplified version of Federer's definition of approximate upper limit of 
the difference quotients (we replaced \y — x\\)y r m the denominator), but sufficient for 
our purposes. 

Theorem h.l. Let f : A ^ E he Borel. 

(i) Let k = n + m, x = {z,y), and assume that there exist Borel subsets Ai, A2 of A 
such that Sz{f{-, y)) < 00 for all {z, y) G Ai and 6y{f{z, ■)) < 00 for all {z, y) E A2. 
Then 5xf < 00 for ^^-a.e. x G Ai n A2; 

(ii) if bxf < 00 for ^^-a.e. x E A there exists a sequence of Borel sets Bn C A such 
that ^^{^A \ UnBn) = and the restriction of f to Bn is Lipschitz for all n. 

Proof. For real- valued maps this result is basically contained in [151 Theorem 3.1.4], 
with slightly different definitions: here, to simplify matters as much as possible, we avoid 
to mention any differentiability result. 
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(i) By an exhaustion argument we can assume with no loss of generahty that, for some 
constant A^, 6zf < N in Ai and 6yf < in A2. Moreover, by Egorov theorem (which 
allows to transform pointwise limits, in our case as r | 0, into uniform ones, at the expense 
of passing to a slightly smaller domain in measure), we can also assume that 

limr-"^^"^({?/' G : difiz,y')J{z,y)) ^ _ q uniformly for {z,y) G A2. 

(5.1) 

We are going to show that 6xf < 2N =Sf^-a.e. in Ai fl A2. By the triangle inequality, it 
suffices to show that 

lirar-'^>'({iz',y') G 5,((z,y)) : difiz',y)J{z,y)) > q ^g ^) 

and 

limr-^^^({(z',y') G Br{{z,y)) : d{f{z',y')J{z',y)) ^ q ^5 3^ 

for =Sf^-a.e. {z,y) G fl A2. The first property is clearly satisfied at all {z,y) G Ai, 
because the sets in 05.21) are contained in 

J.' cz R d{f{z',y)J{z,y)) ^ ^ . x 

{z G Br{z) : > N\ X Br\y). 

r 

In order to show the second property (15.31) we can estimate the quantity therein by 
r- / r-^-iiy' e BAv) : "'^'^ ^'^ ^' > M}) + ^"'^■'<^''>'f ' ^?''», 

where Bl{z) = {z' G Br{z) : {z',y) G A2} and Bf.{z) := Br{z) \ B}.{z). If we let r j 0, 
the first term gives no contribution thanks to (15.11) : the second one gives no contribution 
as well provided that z is a density point in R" for the slice (^2)3/ := {z' '■ {y, z') G A2}. 
Since, for all y, ^"'-a..e. point of {A2)y is a density point (^42)^, by Fubini's theorem we 
get that ^'^-a.e. (y, z) G A2 has this property. 

(ii) Let Co G -E be fixed. Denote by Ctv the subset of A where both 5^ and (i(/, Cq) do not 
exceed N . Since the union of Cn covers ^'^-almost all of A, it suffices to find a family 
{Bn) with the required properties covering .Sf'^-almost all of Cat. Let Xk be a geometric 
constant defined by the property 

^\B\x,^x,\{xi)^B\„,\{x2)) = Xfe^'(i?|.,-.,|(0)). 

We choose i?„ C Cn and r„ > in such a way that £^^{C^ \ U„-B„) = and, for all 
X E Bn and r G (0, r„), we have 

^''({y G Br{x) : "^^^^^^^ ^^""^^ > iV + 1}) < ^^'=(5,(x)). (5.4) 

r 2 

The existence of i?„ is again ensured by Egorov theorem. 

We now claim that the restriction of / to C„ is Lipschitz. Indeed, take xi, X2 G -B„: if 

— 3^2! > r„ we estimate (i(/(a;i), /(a;2)) simply with 4r^^ sup^ '^(/, eo)|a;i — X2I. If not. 
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by (15 .41) at X = Xi with r = |xi — X2I and our choice of Xk we can find y G Br{xi) fl -Br- (2^2) 
where 

^■^ ^'^^'■^ ^ < + 1 and ^ ^ < + 1. 

It follows that d{f{xi), /(xs)) < 2{N + l)\xi - X2I. □ 

Proposition 5.2. Let C F C -E, with K countably Jif^-rectifiable, and let it G Lip(£') 
be injective on T. Then (5(7r|r)^^ is finite ^^-a.e. on it{K). 

Proof. Assume first that K = f{C) with C C R closed and f : C ^ K Lipschitz and 
invertible. The condition 5(7r|r)~^ < 00 clearly holds at all points t = 7[{x) of density 1 
for TT^K), with x E K satisfying 

liminf ^ > 0. 

yeK^x d{y, X) 

Indeed, at these points t = 7r(x) we have x = (7r|r)^"'^(t) and 



1(^1 


r. 




— x\ 




\s-t\ 





liminf ; ; < 00. 

If A^ C -ft' is the set where the condition above fails, the Lipschitz function p = tt o f has 
null derivative at all points in f~^{N) where it is different iable, hence J^^{p{f^^{N))) = 0. 
It follows that ^\n{N)) = 0. 

In the general case, write K = N U UiKi with Jif^{N) = and Ki = fi{Ci) pairwise 
disjoint, with Cj C R closed and fi'.Ci^ Ki Lipschitz and invertible. Let Bi C Ti{Ki) be 
Borel sets such that the inverse Qi of 7r|/^^ satisfies 5gi < 00 on -Bj and ^^{ji^Ki) \ Bi) = 0. 
Since J^^{7r{N)) = 0, the union Ui7c{Ki) covers ^^-almost all of 7r(-ft'). Hence, it suffices 
to show that 5(7r|r)~^ < 00 at all points of density 1 for one of the sets B^. This property 
easily follows from the definition of 6 and from the fact that (vr|r)~^ and Qi coincide on 
B,. □ 

6. Countable rectifiability of ||r||* in the case k > 1 

In this section we show that the slice mass ||T||* is concentrated on a countably Jif'^- 
rectifiable set, adapting to this context White's argument |25j; this provides a first step 
towards the proof of Theorem II. 1[ 

The next technical lemma provides a useful commutativity property of the iterated slice 
operator. 

Lemma 6.1 (Commutativity of slices). LetT G ,^k{E) andn = {p,q) withp G Lip(-E'; R™"^), 
q G Lip(-E'; R™^), > 1 and mi + m2 < k. Then 

{{T,p,z),q,y) = (-l)™((r,g,y),p,^) /or if™^+™^-a.e. {z,y) G R"^^ x R"^^ 

(6.1) 

Proof. If T G Ik{E) we know by [51 Theorem 5.7] that the slices Syz = {{T,p,z),q,y) 
are characterized by the following two properties: 
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(a) Syz is concentrated on p^^{z) fl q~^{y) for ^'"i+'^^.^.e. (z, y); 

(b) J i^iy, z)Syz dydz = T\_ilj[p, q)dp A dq as (fc — mi — m2)-dimensfonal currents for 
all bounded Borel functions ip. 

It is immediate to check that ((T, g, z) satisfy (a) and 

J z){{T, q, y),p, z) dydz = T^ijjip, q)dq A dp = (-l)'"i+'"^TL^(p, q)dp A dq, 

hence (16.11) holds. The general case can be achieved using (13. 5p . choosing a sequence 
{Th) C Ik{E) with Y.h ^{Th - T) < oo. □ 
In the next proposition we consider first the rectifiability of the measures ||TL(i7r||p for 
vr fixed. 

Proposition 6.2. Let T G ^k{E) with finite Mp mass. Then, for all vr G [Lip]^(i?)] 
||TL(i7r||p is concentrated on a countahly Jif'^ -rectifiable set. 

Proof. By (I2.19p we obtain that || (T, vr, a;)||p consists for .Sf'^-a.e. a; of a finite sum of 
Dirac masses, with weights between 1 and p/2. Hence, we can define 

A(a;) := {y G 7r"^(x) : y G supp \\{T,n,x)\\p} 

and we can check that the set-valued function A fulfils the measurability assumption of 
Lemma 18.21 Indeed, for all Borel sets B 

{x G R'^ : A(x) n 5 ^ 0} = {x G R'^ : || (T, vr, x) \\p{B) > O} 

and we know that the latter set is measurable, thanks to Lemma 13.41 By Lemma 18.21 
we obtain disjoint measurable sets Bn = {x : cardA(a;) = n} and measurable maps 
/ji. satisfying ([H3D. 

Obviously it suffices to show that, for n fixed and C G Bn compact, the measure 
B \—>- II (T, vr, x) llp(-B) (ix is concentrated on a countably '^-rectifiable set. By a fur- 
ther approximation based on Lusin's theorem we can also assume that fj-^ ? • • • ? fj^ '^^^ 
continuous in C. Finally, since /^^(x) 7^ fje{x) whenever x E Bn and i ^ £ we can 
also assume that the sets Ki := fjXC), i = 1, . . . ,n, are pairwise disjoint. Notice that 
n : Ki C is injective and its inverse is fj-. 

We consider now Ui = d{-, Ki) and let s > be the least distance between the sets Ki, so 
that for Si G (0, s/2) the sets < s} are pairwise disjoint; thanks to the commutativity 
of slice and restriction, for ^^-a.e Sj > we have 

{TL.{ui < Si},Tc,x) = {T,TT,x)l.{ui < Si} for ^^-a.e. x (6.2) 

for i = 1, . . . , n. Choosing Sj G (0, s/2) with this property and setting Tj := T\_{ui < Si}, 
we have 

/ ||(T,7r,x)||p(5)rfx = V / ||(T„7r,x)||p(5)rfx 
Jc Jc 
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and it suffices to show that all measures ^i{B) := f^\\{Ti,TT,x)\\p{B) dx are concen- 
trated on a countably ^'^-rectifiable set. By fl6.2p it follows that =Sf '^-almost all measures 
II (Tj, TT, X E C, are Dirac masses concentrated on fjX^)- 

We now fix i and prove that yUj is concentrated on a countably ^'^-rectifiable set by 
applying Theorem I5.1( ii) to the inverse fj. of vr|i^.. Let us consider the sets 

C,:={teR: iz,t)eC}, Ki, ■= {x e Ki (7ri,...,7r„_i)(x) = 2;} 

and the maps gz{t) := fj-{z,t) : Cz Ki^. We claim that, for =Sf^^"'^-a.e. z, dtQz < 00 
=Sf^-a.e. in Cz- Indeed, writing x = {z,t) and 

{Ti,n,x) = {Sz,7rk,t) with Sz := {Ti, (ni, . . . ,7ik-i), z) 

we know that for =Sf'^~^-a.e. z the fiat chain Sz G ^i{E) has finite Mp mass and 
II (S'^, TTfc, t) lip is a Dirac mass on gizit) for .^'"^-a.e. t G Cz- 

We fix now z with these properties; since Sz G ^i{E), Corollary 14. 21 provides S'^ G 1i{E) 
with S*!, = 5*2 mod(p). Then, we can find countably ^^-rectifiable set G on which S'^ is 
concentrated, and therefore a =Sf ^-negligible set A^^ such that {S'^,7ik,t) is concentrated 
on G for alH G R \ Nz- But since {S'^,7Tk,t) = {Sz,T^kit) mod(p) for ^^-a.e. t, possibly 
adding to Nz another ^^-negligible set we can assume that || (5^, tt/c, t) ||p is a Dirac mass 
on giz{t) G G for all t e Cz \ Nz- We denote by -ft'jz C G the set 

i^i. := {9iz{t) : t G \ iVj 

which is countably ^^-rectifiable as well and contained in Kiz. Notice also that {Trk{Kiz\ 
Kiz)) = because this set is contained in Nz. Since vr^li^.^ is injective, we can now apply 
Proposition 15.21 with K = Kiz and T = Kiz to obtain that S{{7ik)\KiJ~^ < 00 =Sf^-a.e. on 
7ik{Kiz) and therefore ^^-a.e. on Hk{Kiz). But, since the inverse of 7r|xi is fj^, the inverse 
of {'^k)\Ki^ is Qz- It follows that 6gz < 00 ^^-a.e. on Cz- 

This proves the claim. Thanks to the commutativity of slice and restriction, a similar 
property is fulfilled by fj. with respect to the other (k — l) variables, hence Theorem 15. l( i) 
ensures that S^fj^ < 00 ^^-a.e. on C. This ensures that Theorem 15. l( ii) is applicable to 
fj., and in turn the fact that fii is concentrated on a Jif'^ -lectifiable set. □ 

We recall that the supremum A4 — sup^gj /ij of a family of measures is the 

smallest measure greater than all /ij; it can be constructively defined by 

N 

M - sup fii{B) := sup^/ii^(5,) (6.3) 

j=i 

where the supremum runs among all finite Borel partitions -Bi, . . . , B^q of B, with ii, . . . , i^v G 
/. 

Proposition 6.3. Let T G ^k{E) with finite Mp mass. Then \\T\\* is concentrated on a 
countably Jif'^ -rectifiable set. 
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Proof. Let / be an index set for [Lip^(i?)]'^', and consider for any n G N a finite set 
C / such that 

||T||;(E) < - sup \\T\_d7fi\\p{E) + 2"'^ 

(its existence is a direct consequence of (16. 3p ). Then, denoting by J the union of the sets 
Jn, the measure 

a := Ai — sup ||TL(i7rj||p 

is smaller than ||T||* and with the same total mass, hence it coincides with ||T||*. Since 
J is countable, a countably ^'^-rectifiable concentration set for cr can be obtained by 
taking the union of countably ^'^-rectifiable sets, given by Proposition 16.21 on which the 
measures ||TL(i7rj||p, i E J, are concentrated. □ 

7. Absolute continuity of ||T||p 

In this section we prove the absolute continuity of ||T||p with respect to and 
therefore the fact that also ||T||p is concentrated on a countably J^'^-rectifiable set. Then, 
we can prove, using the isoperimetric inequality, density lower bounds for \\T\\p; these 
imply that the (minimal) concentration set has actually finite J^'^-measme. 

The absolute continuity of ||T||p depends on the following extension of Theorem 13.71 to 
all flat chains with finite Mp mass. We are presently able to prove this extension, relying 
on the finite-dimensional results in [25] (in turn based on the deformation theorem in 
|26j). only in a smaller class of spaces E. 

Definition 7.1. We say that a Banach space {F, \\ ■ ||) has the strong finite- dimensional 
approximation property if there exist maps iTn '■ F F , with uniformly bounded Lipschitz 
constants, such that 7in{F) is contained in a finite- dimensional subspace of F and 

lim ||x — 7r„(x)|| = Vx G F. 

Obviously all spaces having a Schauder basis (and, in particular, separable Hilbert 
spaces) have the strong finite-dimensional approximation property and, in this case, 7r„ 
can be chosen to be linear. Unfortunately this assumption does not cover £oo spaces, 
which satisfy only the weak finite-dimensional approximation property considered in [1]. 

We begin with a technical lemma on the commutativity of slice and push-forward; the 
validity of this identity for rectifiable currents is proved in [H, Lemma 5.9]; its extension to 
^k{E) can be proved arguing as in Lemma [3.11 and in Lemma [6. 11 so we omit a detailed 
proof. 

Lemma 7.2 (Slice and push-forward commute). Let f G Lip(£'; R") andT G ^^{E). Let 
q : R" , g-*- : R" R""''' be respectively the projections on the first k coordinates 

and on the last n — k coordinates. Then 

g„^(/„T,g,x) = (g^o/)„(T,go/,x) for^'-a.e. x E R\ 
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Then, we recall the basic result of a consequence of the deformation theorem in 
[26] . Thanks to Proposition 12.21 we can state White's result in our language of currents 
mod(p), instead of flat chains with coefficients in Zp. 

Theorem 7.3. Let T G ^^(R-^)- Then T = mod(p) if and only if, for all orthogonal 
projections q on a k- dimensional subspace ofH^, {T,q,x) = mod(p) for ^^-a.e. x G 

Theorem 7.4. Assume that E is a compact convex subset of a Banach space F having 
the strong finite- dimensional approximation property, and that E is a Lipschitz retract of 
F. 

Let T e ^k{E) with finite Mp mass and assume that, for some m G [1, k] the following 
property holds: 

for all 71 G [Vr, (T, vr, x) = mod(p) for ^™-a.e. x G R"'. 
Then T = mod(p). 

Proof. We shall directly prove the statement in the case m = k, which obviously implies 
all others, by the definition of iterated slice operator. Let 7r„ : F — F be given by the 
strong finite-dimensional approximation property and let T„ = vr^uT. We shall prove in 
the first step that T„ = mod(p), and in the second one that T„ — T in ^ distance 
in F. Considering the images Sn of T„ under a Lipschitz retraction of F onto E, which 
converge to T in ^ distance in E and are still equal to mod(p), this implies that T = 
mod(p). 

Step 1. Since the range of 7r„ is finite-dimensional we can obviously think of T„ as a fiat 
chain in a suitable Euclidean space R^. So, by Theorem 17. 3[ it suffices to show that the 
slices induced by orthogonal projections q on fc-planes vanish. With no loss of generality 
we can assume that q is the orthogonal projection on the first k coordinates, and apply 
Lemma 17.21 with / = 7r„ to obtain that 

q^{Tn,q,x) = mod(p) 

for G R^ But since \\{Tn,q,x)\\p is concentrated on {q = x}, and q^ ■ {q = 

x} ^ {q = 0} is an isometry, it follows that (T„, q,x) = mod(p) for =Sf^-a.e. x G R'^. 
Step 2. Let Ei be the compact metric space E U [J^7r„(F„) and let E2 C F he its 
closed convex hull. In order to conclude, it suffices to show that ^{Tn — T) — > in 
E2. Taking into account subadditivity of the fiat norm and (12. ip . it suffices to show that 
^(7r„(j_R — i?) — > for all R G 2k{E2); by density in mass norm, it suffices to prove this 
fact for R G lk{E2). Obviously vr^jji? — > R weakly in E2, i.e. in the duality with Lipschitz 
forms; then, it suffices to apply [22] to obtain convergence in fiat norm in E2. □ 
We can now prove two basic absolute continuity properties of \\T\\p. 

Theorem 7.5. Let T G ^k{E) with finite Mp mass. Then \\T\\p ^ \\T\\*. In particular 
\\T\\p is concentrated on a countably -rectifiable set. 
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Proof. We fix a compact set K such that ||T||*(ir) = and we have to show that 
\\T\\p{K) = 0. Let n e [V]'', u = d{-,K) and let C R be the Lebesgue neghgible set 
as in (12. 101) . If we consider any sequence (sj) C R \ with Sj J. 0, then T\_{u < Sj} 
converges with respect to to 5 G ^k{E) with [5*] = [TjLi^'. The commutativity of 
shce and restriction gives 

\\{T\_{u < s},7T,x)\\p{E) = ||(T,7r,2;)||p({n < s}) for ^*^-a.e. xeK^ 

for ^^-a.e. s > 0. Choosing (sj) | with this additional property, and assuming also 
that ^p{T\_{u < Sj} - S) < oo, from (12381) we infer 

lim {T\_{u < Sj}, vr, x) = {S, vr, x) with respect to for ^'^-a.e. x G R*^. 

j->oo 

Since 

||(rL{u < Sj},n,x)\\p{E) = ||(T,7r,a;)||p({M < Sj}) for ^'^-a.e. a; G R'' 

it follows that {3,71, x) = mod(p) for ^'^-a.e. x G R*^. Then, Theorem 17.41 gives that 
[T] \_K = 0. By fl2TTl) it follows that \\T\\p{K) = Mp([T] LK) = 0. □ 
A direct consequence of Corollary 13.91 ensuring the absolute continuity of \\T\\p with 
respect to ||T||*, is the density upper bound 

||T|| (BJx)) 

limsup p___i_ ^ ^ ||T|L-a.e. x E E. (7.1) 

Indeed, general covering arguments imply that the set of points where the limsup is 
+00 is e^'^-negligible (see e.g. [Sj Theorem 2.4.3]), and hence ||T||p-negligible. 

We are now going to a density lower bound for the measure \\T\\p that gives, as a 
byproduct, the finiteness of the measure theoretic support of fiat chains with finite Mp 
mass, completing the proof of Theorem II. 1[ Since we can write T = R + dS with 
R G Xk{E), possibly replacing T by T — i? we need only to consider chains T with 
dT = 0. 

We use a general principle, maybe first introduced by White [21], and then used in [9], [6] 
in different contexts: any lower semicontinuous and additive energy has the property that 
any object with finite energy, when seen on a sufficiently small scale, is a quasiminimizer. 

Proposition 7.6. Let T G ^k{E) with finite Mp mass and dT = mod(p). Then, for 
all 6 > the following holds: for \\T\\p-a.e. x there exists r^{x) > such that 

\\T\\p(Br{x)) <2\\S + T\\p(Br{x)) (7.2) 

whenever r G {0,rs{x)), \\T\\p{Br{x)) > er\ d[S] = and [S]\_{E \Br{x)) = 0. 

Proof. Assume that for some e > the statement fails. Then, there exists a compact 
set K G E with ||T||p(if) > such that, for all x E K, we can find balls Br{x) with 
arbitrarily small radius satisfying ||T||p(i?r(a;)) > er'^ and cycles [Sr,x] with ||T||p(i?r(a;)) > 
2\\T + Sr,x\\p(Br{x)) and [Sr,x]^E \Br{x)) = 0. 
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Let 6 > 0. By a classical covering argument (see for instance [5, Theorem 2.2.2]), we 
can find a disjoint family {BrXxi)}iei of these balls, all with radii rj < 6, whose union 
covers ^'^-almost all, and hence ||T||p-almost all, of K. Set now 

[Ts] := [T] + Y,[Sn,..] = [T] L(i? \ U.e/5,^(x.)) + ^^[T + 5.] L5,,(a;.), 

i€l iel 

where Si := S^^xi- By approximating with finite unions and sums, taking into account 
that Mp([S'j]) < 3||T||p(i?j..(xi))/2, it is not hard to show that [Ts] G ^p^k{E) and that 

■tg/ i€l 

In addition, denoting by [S'^\ cycles with d[S'^ = [Si] given by the isoperimetric inequality 
we have 

i i i 

Since ||T||p(i?5(x)) — > uniformly on i^' as 5 J. 0, it follows that [Ts] [T] in ^pk{E) 
as (5 I 0. Hence, letting S I the lower semicontinuity of Mp provides the inequality 
||T||p(£;) < \\T\[p{E \K) + ||r||p(K)/2, which implies ||r||p(i^) = 0. □ 
Then, a general and well-known argument based on the isoperimetric inequalities and 
an ODE argument provides the following result: 

Theorem 7.7. Let T G ^k{E) with finite Mp mass and dT = mod(p). Then 



|T||p(5,(x)) 



liminf r > c > for \\T[\p-a.e. x (7.3) 

rj,o r'' 



with c > depending only on k. As a consequence \\T[\p is concentrated on a countably 
-rectifiable set with finite Jif^ -measure. 

Proof. First of all, we notice that 

limsup ''^''^^^'•^^^^ > for ||T||p-a.e. xeE. 

Indeed, if B is the set where the limsup above vanishes, general differentiation results 
(see e.g. P, Theorem 2.4.3]) imply that ||T||p(i?') = for any Borel set B' G B with 
Jif''{B') < oo. Since, by Theorem l7.5[ ||T||p is concentrated on a countably J^^-rectifiable 
set, and vanishes on ^'^-negligible sets, it follows that ||T||p(i?) = 0. 

Let e > and let us denote by Cs the set where the limsup above is larger than 2e; 
Proposition 17.61 yields, for ||T||p-a.e. x G Cg, r^^x) > such that (17. 2p holds whenever 
r G (0,re(x)), \\T\\p{Br{x)) > er^ and [S] is a fc-cycle satisfying [S -T]l.{E\Br{x)) = 0. 
Then, the energy comparison argument and the isoperimetric inequality give, for all such 
points X, the differential inequality 

^\\T\[l/'{Br{x))>d,>0 
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for ^^-a.e. r G {0,r^{x)) such that ||T||p(i?r(x)) > er^, for some constant independent 
of e. Since x G we know that the condition ||T||p(i?r(a;)) > er^ is fulfilled by arbitrarily 
small radii r G {0,r^{x)) and we claim that, provided that e < d^, if it holds for some r, 
it holds for all r' G {r,rs{x)): indeed, if r' is the smallest r' G (r, re(x)) for which it fails, 
in the interval (r, r') the function ||T||y'^(i?r(a;)) has derivative larger than dk, while e^/'^r 
has a smaller derivative. It follows that ||T||p(i?r(a^)) > sr^ for all r G (0,r£(a;)) and the 
differential inequality yields (17.31) at ||T||p-a.e. x E with c = d'^. Since Ue>oC£ cover 
II T lip- almost all of E the proof is finished. □ 

Finally, we complete the list of announced result with the proof of Corollary 11.31 
Proof. The statement can be easily checked for chains T G ^k(R^) since ^'^(R'^) = 
Jfe(R'') (recall that R'' can't support a nonzero {k + l)-dimensional integer rectifiable 
current). In the general case, let T G ^k{E) with finite Mp mass, let 5* C -E be a countably 
^'^-rectifiable Borel set with finite J^^-measnie where ||T||p is concentrated and let 
Bi C R'^ be compact, fi : Bi ^ E he such that fi{Bi) are pairwise disjoint, \Jifi{Bi) 
covers Jf ^-almost all of 5* and /, : Bi fi{Bi) is bi-Lipschitz, with Lipschitz constants 
less than 2. By McShane's extension theorem we can also assume that /j : — >■ R^ are 
globally defined and Lipschitz. Then, we can find Oi G Ll(R^Z) with |^i| < p/2 and 
Bi = out of Bi such that (/i)«([T] L/,(5i)) = ||^^,,]]. Since 

I |^.Mx = 5^Mp(|^^,])<2'^5^Mp([T]L/,(i?,))<2'^||T||p(E)<oo 

if follows that the current 5* := X]j(/j)ttl^«l ^ ^k{E) is well defined and, by construction, 
[S] = [T]. In addition, since fi{Bi) are pairwise disjoint, the multiplicity of S takes values 
in [-p/2, p/2], hence [3 Theorem 8.5] gives that M(5) = Mp(^). □ 

8. Appendix 

In this appendix we state some technical results. 

Lemma 8.1. Let k > 1 and m G [1, k]. Let G : ^k-m{E) [0, +oo] be continuous with 
respect to the ^ distance and let S G Ik{E). Then, for all n G [Lip(ii^)] the function 
X I— s> G{{S,7i,x)) is Lebesgue measurable. 

Proof. With no loss of generality we can assume that vr G [Lip^^ (£')]'". It suffices to 
show that X {S, it, x) is the pointwise =2""-a.e. limit of simple maps. In order to make 
a diagonal argument we use, instead, local convergence in measure, so our goal is to find 
simple maps fh '■ R*" — > ^k-m{.E) such that 

lim ({x G Br{Q) : ^{{S, vr, x) - fh{x)) > e}) = Vi? > 0, Ve > 0. 

/i— >oo 

Since Ik{E) is dense in Xk{E), by a first diagonal argument we can assume with no loss 
of generality that S G Ifc(-E'), so that Sx '■= {S,tt,x) G Ik~m{E) for ^'"-a.e. x and 

[ M{Sx) + M{dSx) dx < M{S) + M{dS) < oo. 
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In we consider the distance 

d{T,T'):=snp{\T{fdp)-T\fdp)\: |/| < 1, f,p,,...,Pk-meUp,{E)}. 

Notice that c/(T,T') < M(T - T') and d{dT,dT') < M(T - T'), so that d{T,T') < 
^{T — T') and ^ convergence is stronger than rf-convergence. On the other hand, 
thanks to the resuhs in [22] the two distances are equivalent in the sets {T G : 
M(T) + M(9T) < M}, M > 0. Since, according to |4j, is an MBV map with respect 
to we can divide R*" in open cubes Q;^ with sides 1/h and apply the Poincare inequality 
for MBV maps (see [2] or [12]) in each of these cubes to find Xj G Q;^ with 

/ ci(S'a;., S'a;) da; < -^yu(Ql), 

where /x is the total variation measure oi x ^ S^- It follows that the piecewise constant 
map Qh equal to Sx^ on Q;^ satisfies J-^m d{gh{x), Sx) dx — > 0. In order to improve this 
convergence from d to ^ we argue as follows: we notice that 

^'"({y G Qi : d{S„Sx^) > 4c/.--V(Qi)}) < l-^^'^Qi), 

^^{{y G gl : m{Sy) + M(9^,) > 4/i™ / M(S,) + M(9^,) dx}) < l^'^iQi) (8.1) 

and therefore we can find points yj in the intersection of the complements of these sets. 
By the triangle inequality 

diSy^,Sx) < 40/1"^- V(QD + d{Sx^,Sx) 
so that, if we denote by fh the piecewise constant map equal to Sy. on Q^, we still have 

lim [ diUix),Sx)dx = 0. (8.2) 

h — >00 J-^rn 

In addition, taking (18.11) into account, we have also 

sup / M(/^(a;)) + m{dfh{x)) dx < A [ M{Sx) + M{dSx) dx < oo. (8.3) 

By (18.21) and (18.31) . taking into account that d and ^ are equivalent on the sets {T : 
M(T) + M(9T) < M} it is easy to infer the local convergence in measure of fh to 
with respect to ^ (given 6 > and i? > it suffices to find M such that all sets 
Br n {M{fh) + M{dfh) > M} and Br n {M(/) + M{df) > M} and have measure 
less than 6, then choose e > such that d{S, S') < e implies ^{S — S') < 5 whenever 
M(S') + yV{dS) < M; eventually one can use the fact that Br n {d{fh, f) > e} has 
measure less than 5/3 for h sufficiently large). □ 
We now state a standard result on measurable set- valued functions, see for instance [8] . 
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Lemma 8.2. Let us assign for all x e R'^ a finite set A(x) C E, and let us assume that 
{x : A(x) n C 7^ 0} is Lebesgue measurable for all closed sets C <Z E. Then the sets 

Bn ■■= {x G R'' : cardA(x) = n] 

are Lebesgue measurable and there exist Lebesgue measurable maps fj^,..., fj^ : B,i E 
such that 

Mx) = {fhix),---JjAx)} for^'-a.e. x E B^. (8.4) 

Finally, we conclude this appendix by comparing with the "polyhedral" flat distance 
in ([22Q]). 

Proposition 8.3. There exists C = C{n,k) satisfying 

'^piT) < C^p{T) for all T e Ifc(R") weakly polyhedral. 

Proof. Denoting in this proof by c a generic constant depending on dimension and 
codimension, let us recall the Federer-Fleming deformation theorem mod(p): for e > 
given, any R G Ifc(R"') can be written as P + U + dQ, with P polyhedral on the scale e, 
Mp{P) < c(Mp{R) + eMp{dR)), Mp{dP) < cMp{dR), M{U) < ceMp{dR) and Mp(Q) < 
ceNLp{R). The main observation is that, in the case when dR is weakly polyhedral, the 
construction (based on piecewise affine deformations of R on skeleta of lower and lower 
dimension, until dimension k is reached) of P, U and Q provides us with a current U 
which is weakly polyhedral as well. Indeed, U corresponds to the fc-surface swapt by dR 
during the deformation. 

Now, assume that T = R + dS with R G I,fc(R'^) and S G Ifc_|_i(R") and let us write 
R = P + U + dQ as above. Since dR = dT is weakly polyhedral, it follows that U 
is weakly polyhedral as well. Now we write T = P + U + d{S + Q) and apply the 
deformation theorem again to S* + Q to obtain S + Q = P' + U' + dQ'. Again, since 
d{S + Q) = d{T — P — U) is weakly polyhedral, we know that U' is weakly polyhedral. 
Now we have T = {P + U) + d{P' + U') where P + U and P' + U' are both weakly 
polyhedral, so that (T) < Mp(P + f/) + Mp(P' + U'). We have also 

Mp(P) < c(M(i?)+eMp(9i?)) = cMp(/?)+ceMp(9T), Mp(f/) < ctMp{dR) = ceMp{dT) 

Analogously we have Mp(P') + Mp{U') < cMp{R) + cMp{S) + ce(Mp(T) + Mp{dT)) and, 
since e > is arbitrary, we conclude. □ 
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